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- contractible varieties

references : • A ' - contractibility of

affine modifications

- Duboucoz - P .

- Olstvaer
• At ' - homotopy theory and
contractible varieties : a survey
- Arson - cfstvoer

base field K

Smk = smooth varieties 1K

711kt = unstable A) ' - homotopy category/k
SHIH = stable - a -

Def : ✗ c- Sink is A ' - contractible

if ✗ → Speck is an isomorphism in
11

tick
. H '

- weak equivalences



Q : what are the isomorphisms in 11161 ?

Some examples :
• ✗ ✗AM - >Y YE Smh
• vector bundle maps
• f- : 4-> 2- c- Sunk that is

"
Nisnevich locally trivial

"

ie F Nisnevich covering
u : U → 2- and an iso of

A- schemes 4¥ U -5 Ux w

Speck )^
Sth

111 - contr

eg A
"

First examples of A ' - contractible varieties

• Ah

• quasi - affine variety :C Winkelmann )

Q={ xrxz - ✗3×4 = Xslltxsl / a-A)
5

F- = { ✗^=×z= ✗51-1=03 e- Q

X := Q - E



Claim : ✗ is A- 1- contractible

Reason : ✗ is the quotient of a
scheme theoretically free action

Ga NAsp
Ay

AT → ✗ quotient map

• Asok - Doran : find more examples
line of dim → 4

Zariski Cancellation Problem

✗ ✗ All I A|dim✗+ ' I > ✗⇒ Aydimx

• yes if din ✗ e- 2

• no if dim ✗ =3 and

char k - o

• unknown if dim ✗ 73 and

char k=O

Note that ✗ ✗ Ay Erxtdimxtl

⇒ ✗ All - contractible t smooth
1- affine



From now on k=€ :

Karas - Russell threefold

KR = {✗2ytt3tz2t✗=o } a-Att

Q : Is KR A'- contractible ?

Let's go back to classical topology
and view KRCQI as a smooth mfld .

Kalimun - Zaidenberg : KRCQ ) is

contractible using the fact that KR

is an affine modification of 1*3

Rink : Al
'
- contractile =3 contractible

Def ( attire modification 1 :

start with ✗ = Spec A affine variety
( fear , . . . as) = Ic A

T 2- = VCI )
regular

D= divfsequence
s> I



F- C- Blzx E ✗ ✗ 1ps
←
Yo , - -

- l Ys

Ul Ul Ul
É E a- ✗ ✗At -4/0--103
✗

exc div Raffia modification
of affine nod

: ✗ =A13

I= 1×2
,
- ✗ - (-3-2-2)

f-- ✗
2

Blzx = { y, ✗
'

tyolxtt
> 1-2-4=0 }

a- 11+3×1171
= { y.it ✗ +1-31-2-2=07 c- APXAY

11

KR

Z✗As±É↳x- I - É
I / ⇐ restriction
2- v of blowup nap

É- ✗ c- x-D



Assume 2-↳ D induces an iso

in homology ( t some more technical

assumption I
5- femmes

y and ✗ have same homology=)

Halima - Zaidenberg find criteria

for when ✗ and I also have

the same fundamental group .

So assume that ✗ ( resp 1

is contractible =3 all horology and
fundamental group of ✗ Crespi )
are trivial

⇒ all homology and fundamental
T

group of Crespi )assume

everything are trivial
above is
satisfied

Hu⇒ia-
all homotopy



groups of Crespi )
are trivial

Whitehead
☒ ( resp ✗ ) is contractible=3

A ' - contractibility of affine modifications

This lpubouloz - P .

- stvoer )

/ •same
D= divf

but all smooth

and st : • 2-↳D A- 1- weak eq
• supports of D and É

are ived

• Ñ is At' - contractible

=3 ✗ is A ' - contractible

PI : E- E- → I → HEE
te t 1-7*1

✗ - D → ✗ → ✗H- D



Claim : IN - Er → X/✗- ☐
is

an All - weak eg
Reason : Purity : /✗=É -7*1 THCNÉÑ)

w

12
É✗A!

ÉEZ✗Ai
extra

+
xp

'

base pt I -9A
'

2-+ RIP
'

¥- ☐
= D+ipT*

'

it

☒ - Éy]# 4) ←④E-E-it-GI-E.it
TE T TE TE

1×-13,43<-1×147 ←1×1×-13,41<-4×-1341
Want to show that ✗ is AY - contr

⇐ s [ ✗ , Y ] - * t Y c-Heal
☒
maps in ttccl



half of 5 - lemma

=3 [ ✗ cy ] → CI , Y ] is

injective
⇒ [ ✗ < 4) = *

⇒ ✗ is At ' - contr
.

☐

Ex : ✗ = KR={x2yt×tt3t 2-2--0 } ⇐At
"

f-- ✗ I = ( × , ttl ,
2--11

⇒ affine modification ☒ = AT

This does not prove
that

KR is Al - contractible

because of smoothness assumption

Hoyois - Krishna - Ostvoer : KR is

stably A '
- contractible ie

FF KR -79¥ Speed is an

130 in SH ( ¢1

⇐ > Fn st KRA ftp./ ^ " is



At' - constructible

they show that if ✗✗y → Y

induces an iso in motivic cohomology
f-higher Chow groups )

it smooth affine variety Y
⇒ ✗ is stably At '- contractile

Dubouloz - Fasel : KR is Al
'
- contractible

A- o ↳ 1*2--1=5)*¥.gs#(1P' 1
"

hard-~¥← part I 1-4+1
I

KRIL ↳KR→ KRIKR-2-1+1*1
"

"
1=1×-1--2--0} {×zyt✗tt3tz2=o}EA"

same half 5- Amma argument
as above shows that KR is

A ' - contractible



There is only 1 smooth At '- contractible

variety of din 1 , namely At '
.

Q : Are there smooth A ' - contractible

varieties of dim 2 FAT ?

Ex : tow Dieck - Petrie surface

{ C✗z+M-¥Z =L } a- AP

✗ smooth surface
+ contractive
since affine
modification of
A ' ( Ualiman

-Zaidersergl

Hoyois- Krishna - Olstvaer
⇒ this is stably
All- contractible



Q : All - contractibility ?_? A'- chain -
connect@does /

naive

A ' - connectedness

If yes then A'- contractibility would

imply Ñ= - ao =) AT would

be the only smooth At ' - contractible

variety of dim 2 .


